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AHHOTaiJ,H5I 

PaccMaTpHBaeTCH MHoroMepHbra aHajior ypaBHemifl ,I[ajiaM6epa b npocTpaHCTBe 
o6o6meHHE.ix (pyHKijHH. Il3JiaraeTCH MeTOjj; nocTpoemra ycjiOBHii Ha (JjpoHTax yijapHbix 
bojih. Pa3pa6oTaH MeTOjj, o6o6meHHbix cpyHKUHii jj;jih nocTpoeHHH peinemiH HanajibHO- 
KpaeBbix sa^an fljiH bojihobbix ypaBHeHHH b npocTpaHCTBax pa3Hoft pa3MepHOCTii. CTpo- 
htch flHHaMHnecKHe aHajiorH cpopMyji TpHHa h Taycca fljia peinemiH bojihobbix ypaBHe- 
hhh b npocTpaHCTBe o6o6meHHbix (pyHKu;HH. IlocTpoeHBi hx peryjiHpHBie HHTerpajiBHbie 
npeflCTaBjieHHH h CHHryjiapHbie rpamiHHBie HHTerpajiBHbie ypaBHemia jj;jih peniemia 
HanajiBHO-KpaeBBix sa^an MaTeMaTiinecKOH cpH3iiKii. 

PeineHne MHornx sa^an aicycTHKH, rii^poMexamiKH , Teoprra ynpyrocra h ^pyrnx pa3,a,e- 
jiob (J)H3hkh CBa3aHO c peineHHeM KpaeBbix 3a^an jj;jih BOJiHOBoro ypaBHeHHH - MHoroiviep- 
Horo aHajiora ypaBHeHHH ^ajiaivi6epa, onHCbiBaiomero npoueccbi pacnpocTpaHeHHH bojih b 
ojj;Hopojj;Hbix H30TponHbix cpe,n;ax, nosTOMy BecbMa aKTyajibHO nocTpoeHne scpcpeKTHBHbix 
cnoco6oB hx penieHHa ^jia oSjiacTeii c npoH3BOJiBHOH reoMeTpneii h pa3HOo6pa3HbiM bh/j,om 

rpaHHHHBIX yCJIOBHH. IlpHMeHeHHe HHCJieHHblX MeTO,I],OB KOHeHHblX pa3HOCTeH, KOHeHHblX sjie- 

MeHTOB hjih jjpyrnx, CBH3aHHbix c flHCKpeTH3an,HeH o6jiacTn peineHHH, npHBOflHT k pa3peina- 
ioihhm CHCTeMaM BbicoKoro nopa^Ka. Onpejj;ejieHHbie cjiojkhocth B03HiiKaiOT npn nocTpoeHHH 
pa3HOCTHbix ceTOK ii o6ecneHeHHH tohhocth BbinojiHeHiia rpaHHHHbix ycjiOBHH h ycjiOBHH Ha 
(ppoHTax yjj,apHbix bojih, rjj,e npoH3BOJj,Hbie (pyHKiniii TepnaT pa3pbiB. 

HanSojiee scpcpeKTHBHbiM MeTOflOM HCCJieflOBaHHH TaKHx 3a/j;aH HBJiaeTCH MeTOJj; rpaHHH- 
hbix HHTerpajiBHbix ypaBHeHHH. PjiaBHoe ero jj,octohhctbo - CHHHceHne Ha nopajj,OK pa3- 
MepHOCTH peniaeMbix ypaBHeHHH, hto BecbMa cymecTBeHHO, ocoSchho jj,jih oSjiacTeii, co- 
flepjKamHx 6ecKOHeHHO yn;ajieHHbie tohkh. CymecTByiOHnie MeTOjj;bi h nporpaMMbi cnjianH- 
anpoKCHMan^HH npoH3BOJibHbix KOHTypoB CHHMaiOT npo6jieMy orpaHHneHHH cpopMbi pacciviaT- 
pHBaeivibix oSjiacTefi npn Hcnojib30BaHHH MrHY. B HacToamee Bpeivia btot mctojj; ninpoKO 
HcnojiB3yeTca jj,jia penieHna CTaipiOHapHbix 3ajj,an MaTeMaTHHecKOH cpH3HKH, hto CBH3aHO c 
ycnexaMH b pa3pa6oTKe TeopHH THY jj,jih sjuinnTHnecKHx ypaBHeHHH h CHCTeM. 
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Peniemie HecTaniiOHapHbix JiiiHaMnnecKHx 3a^an Ha ocHOBe MeTOJia THY Tpe6yeT BBejj;e- 
hhh noH3TH3 o6o6m;eHHoro peineHHH, hto CBH3aHO c oco6eHHOCTbio (pyH/iaMeHTajibHbix pe- 
ineHHH BOJiHOBbix ypaBHemiH, KOTopbie npHHa^;jie>KaT KJiaccy o6o6meHHbix (pyHKnnn. KpoMe 
Toro KjiaccnnecKoe noHHTHe ^HCpcpepeHirnpyeMOCTH peineHHH ,zijih rHnepSojinnecKHx ypaB- 
HeHHii pe3KO cy>KaeT Kjiacc 3a,a,aH, nojie3Hbix ,zijih npHjiOHteHHii. B nacTHOCTH, THnnnHbie 
(pH3HaecKHe nponeccbi, conpoBOH^aioiirHecH ya,apHbiMH BOJiHaMH, He onncbiBaiOTCH ^H(p(pe- 
peHunpyeMbiMn penieHHaMH rHnepSojinnecKHx ypaBHeHHii. 

3^ecb H3JiaraeTca MeTO/j; THY ,ii.jih nocTpoeHHH penieHHii HanajibHO-KpaeBbix 3a^an ,zijih 
BOJiHOBbix ypaBHeHHii b npocTpaHCTBax pa3HOH pa3MepHOCTH. Ctpohtch ^HHaMnnecKHe aHa- 
jiorn (popiviyji TpHHa ,iijih penieHHii KpaeBbix 3a^an rjisi BOJiHOBoro ypaBHeHHH b npocTpaH- 
CTBe o6o6m;eHHbix cpyHKirnii. IIocTpoeHbi hx peryjiapHbie HHTerpajibHbie npe^CTaBjieHHH h 
CHHryjiapHbie rpaHHHHbie HHTerpajibHbie ypaBHeHHH jj;jih peineHHH cooTBeTCTByioinnx na- 
najibHO- KpaeBbix 3anaH. 

1. 06o6nj;eHHi>ie penieHHii BOJiHOBoro ypaBHeHHH, y^apHbie bojihm. PaccMaTpn- 
BaeTca MHoroMepHbiH aHajior ypaBHeHHH ^ajiaM6epa 

D c u = Au-\^ = G(x,t), xeR N ,teR l . (1) 
c 2 at 2 

3jj,ecb D c - bojihoboh onepaTop (^ajiaiviSepTHaH), A- onepaTop Jlanjiaca, G- jiOKajibHO 
HHTerpnpyeMaH cpyHKiniH. 

YpaBHeHne (pQ) CTporo rHnepSojinnecKoe, KJiacc ero peineHHH co,n;ep:>KHT pa3pbiBHbie no 
npoH3BOflHbiM (pyHKnnn. IloBepxHOCTH pa3pbiBa F b R N+1 -3to xapaKTepncTHHecKHe no- 
BepxHOCTH ypaBHeHHH (|Tp . KOTopbie y^OBjieTBopaiOT xapaKTepncTHHecKOMy ypaBHeHHio b 
npocTpaHCTBe R N+1 — {(x, r = ct)} : 

N 

^-E^ = °. ( 2 ) 

rjj,e v{x, t) = (z/i, un, v t ) - BeKTop HopMajiH k F . Eiviy cooTBeTCTByeT KOHyc xapaKTepn- 
CTHnecKHx HopMajiefi - CBeTOBOH KOHyc, jj;jih KOToporo u T = z/jv+i < [1,2]. B R TaKHe 

nOBepXHOCTH JJBHJKyTCH C eflHHHHHOH CKOpOCTbK) nO T '. 

l = -u T /\\u\\ N , \W\\ N = ^j^j (3) 
(no noBTopaioiirHMCH HHfleKcaM i,j b npoH3Be^,eHHH 3Jj,ecb h ^ajiee BCiOfly npoBO^HTCH cyM- 

MHpOBaHHe OT 1 flO N ) . B R HM COOTBeTCTByiOT BOJIHOBbie (ppOHTbl F t , JJ,BH>Kyni,HeCfl CO 

CKopocTbio c no BpeivieHH t . Ha hhx BbinojiHHiOTCfl ycjiOBHH HenpepbiBHOCTH Ajjaiviapa : 

[u(x,t)] Ft = 0, [u + cniU,i} Ft = 0, (4) 
rjj,e nepe3 [f (x, t)] F o6o3HaneH CKanoK / Ha F t : 

LfOM)k = / + 0M) -f~(x,t) = lim (/ (a; + en, t) - f (x - en, t)) , x G F t , 

1 e— >+0 

n(x, t) - e^HHHHHbiH BeKTop HopMajiH k F t , HanpaBjieHHbiH b CTopoHy pacnpocTpaHeHHH 

(ppOHTa BOJIHbi: 

Vi gradF t . 
M\n \WadF t \\ 
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nocjie^Hee p&bghctbo cnpaBe^jiHBO, ecjin ypaBHeHne (ppoHTa bojihbi mojkho npe/xeTaBHTb b 
BH^e F t (x,t) = npn ycjiOBiin cymecTBOBaHHH gradF t . 

Kjiacc nofloSHbix peineHHii rnnepSojiHHecKHX ypaBHeHHH Ha3biBaiOT ydapnuMU boahcimu, 
Ha hx cppoHTax npoH3BO^,Hbie (pyHKn,HH h ^a>Ke caMH (pyHKHHH MoryT TepneTb CKanKH. 

H3 BToporo ycjiOBHH ([4|) cjie^yeT, Ha cppoHTax 

if + crii u~ = u + + crii u,f (6) 

Ecjih nepe,a, cppoHTOM BOJiHbi u = (cpe^a b noKoe), sto paBeHCTBO ^aeT nojie3Hoe co- 
OTHOineHHe Ha cppoHTe bojihbi: (gradu,n) = — c _1 u, x G F t . 3aivieTHM, hto KacaTejibHbie 
npoH3BO^Hbie k xapaKTepncTHnecKOH noBepxHOCTH, b cnjiy HenpepbiBHOCTH u , TaioKe Henpe- 

pblBHbl, T.e. 

[u, T Ir + Uj^] F = flJiH V 7 G R N+1 : (v, 7) = 0. (7) 

B HaCTHOCTH, eCJIH 7 = 7 J ' = (—Vj, Vt&\, V T 8^ ^T&D : 3T0 npHBO^HT K yCJIOBHHM BH^a: 

[—u, T Uj + UjU T ] F = ^> [urij + cuj] F = (8) 

/Jajiee paccMOTpHM (pyHKipiH u(x, t) , KOTopbie HenpepbiBHbi BMecTe c npoH3BO,a,HbiMH jj,o 
BToporo nopfl^Ka BKjiiOHHTejibHO noHTH BCKmy, 3a HCKjuoneHHeM KOHenHoro hjih cneTHoro 
HHCJia noBepxHOCTeft pa3pbiBa - bojihobmx cppoHTOB, ^ocTaTOHHO rjia^KHx noHTH BCio/xy, Ha 
KOTopbix BbinojiHeHbi ycjiOBHa Ha CKanKH (1.3). Ha30BeM TaKHe peineHHH KAaccuuecKUMU. 
Il0Ka>KeM, HTO OHH HBJIHIOTCfl o6o6iu,eHHbiMH peineHHHMH ypaBHeHHH (Q]). 

J\jih SToro paccMOTpHM Ha npocTpaHCTBe o6o6meHHbix (pyHKHHH D\R N+1 ) = 

= |/(x, r)|, onpe^ejieHHbix Ha npocTpaHCTBe D(R N+1 ) = {(p(x,r)} SecKOHenHO ^ncp- 

(pepeHn,HpyeMbix (phhhthmx (pyHKHHH [2] . 3HaneHHe / Ha cp , KaK npnHHTO , o6o3HanaeM 
(/, <p) . A 113 peryjiapHbix (pyHKH,Hft / , cooTBeTCTByiOHnix jiOKajibHO HHTerpnpyeMbiM / , 
(f,(p)— f f(x,r)<f(x,r)dxi...dxNdr. ,Hajiee o6o3HanHM dV(x) — dx 1 ...dxN . 

R N+1 

Onpe^ejieHne. QyHKHHH / G D'(R N ) Ha3biBaeTCH o6o6w ) ennuM pemenueM 
ypaBHeHHH (pQ) , ecjin jj;jih jno6oro ip G D(R N+1 ) BbinojiHaeTca paBeHCTBO: (\3 c f,(p) = 

(f,n c <p) = {G,<p). 

Jl e m m a 1.1. Ecau u- KAaccunecKoe pemenue (QJ) , mo u neAnemcH ezo o6o6ut ) eHHUM 
pemenueM. 

^OKasaTejibCTBO. Ecjih u HMeeT KOHenHbifl pa3pbiB Ha F , to b D'(R n+1 ) , 
corjiacHO npaBHJiaM onpe/xejieHHH o6o6meHHOH npoH3BO,n;HOH [2] , 

u,j = u,j +[u] F Vj6 F (x, r), 

rp,e nepBoe cjiaraeivioe cnpaBa - KJiaccHnecKaa npoH3BOjj;HaH no Xj, j — 1, N + 1, \\u\\ = 
1, 8p - CHHryjiapHaa oGoSmeHHaH (pyHKii^HH- npocmou caou Ha F : 

([u] F UjS F (x,T),(p(x,r)) = J [u(x,r)] F iy j (x,r)(p(x,T)dF(x,t), \/ip G D(R N+1 ). 

F 

3flecb HHTerpaji no F noBepxHOCTHbifl. B cnjiy HenpepbiBHOCTH u BHe (ppoHTa bojihm, [u} f = 
lim (u(x + e n, t) — u(x — e n, £)) = u + (x,t) — u~(x,t) = [u] F . IloBTOMy, c yneTOM ((HJ), 

e— >+0 * 



3 



nojiyniiM: u,j = u,j +[u] F( Uj8 F (x, r) =u,j + H^H^ [u] Ft rij5 F} u,jj = u,jj + HHIiv n j$F + 

{\W\\n [ w U n i^} ■ B cKny w, T = u, T + [v] Ft v T 5 F = c~ x u, t - HU Mf^ j = 

C~ 2 U,u — C _1 [U,i]_p IMIjV^F — <9 T {IMIjV Mf^J ' J = 1) ■■■,N. C yneTOM 3THX paBeHCTB H 

ycjiOBHH A^aiviapa (pQ) , nojiyHHM 

U c u = U c u + {c -1 [w, 4 ] Fi + [nj-u,j]_p t } ||i/|| JV 5i?(a;,T)+ 
c ~ ld t {\W\\ n [u) f 5 f (x,t)} + dj {\W\\ N [u) F nj5 F (x,T)} = G(x,t), 

nocKOJibKy Bee hjiothocth npocTbix h ^bohhbix cjioeB Ha F t paBHbi Hyjiio. jUghctbhtgjibho, 
BTopoe cjiaraeivioe paBHO Hyjiio b cnjiy BToporo ycnoBiia (jl]) Ha (ppoHTax. A flBa ^pyrnx b 
CHJiy nepBoro, nocKOJibKy hx ^encTBHe Ha onpe^ejiaeTca TaK: 

(c~ l dt {\\v\\ N [u] f 5 f (x,t)} + dj {IMU [u] F nj5 F (x,T)} ,ip(x,t)) = 
= MMIjvMFtM x > T >|^ -</vY 

Hto h TpeSoBajiocb ^OKa3aTb. 

3aMeuaHue 1. H3 stoh jieMMbi cne^yeT, hto ycjiOBHH Ha (ppoHTax ya,apHbix bojih jierKO 
nojiyHHTb, paccMaTpHBaa KjiaccHnecKHe penieHHH rHnep6ojiHnecKHx ypaBHeHHii KaK 0606- 
memibie. /JocTaTOHHO npnpaBHHTb Hyjiio hjiothocth cooTBeTCTByionnix He3aBHCHMbix CHHry- 
jiapHbix o6o6meHHbix cpyHKUHft - aHajioroB npocTbix, ^BOHHbix h pp. cjioeB, B03HHKaioinHx 
npn o6o6m;eHHOM flH(p(pepeHii;HpoBaHHH penieHHH. Onpe^ejieHne TaKHx ycjiOBHH Ha ocHOBe 
KjiaccHHGCKHx MeTO^OB BecbMa Tpy^oeMKaa npone^ypa. 

3aMenaHue 2. YpaBHeHne (Op) ^onycKaeT o6o6meHHbie penieHHH co CKanKOM npoH3BO^,Hbix 

H Ha nO^BHJKHblX nOBepXHOCTHX F(x, t) — , CKOpOCTb flBHHffiHHfl KOTOpblX MOJKeT 3aBHCeTb 

ot tohkh cppoHTa: v(x,t) = —F, t I \gradF\ , ecjin Ha hhx BbinojiHHiOTCfl ycjiOBHH A^aiviapa 
(jlj) . TaKne penieHHH MoryT nopojKflaTbca npaBofi nacTbio ypaBHeHHH, ecjin HOCHTejib G(x, t) 
pacHinpaeTCH c TeneHneivi BpeMeHH b R . 

2. IlocTaHOBKa KpaeBwx 3a,a;aH h e^HHCTBeimocTb penieHHH. IlycTb b oSjiacra 
x G S~ , orpaHHneHHOH noBepxHOCTbio ilanyHOBa S ([2], c. 409), ctpohtch penieHne (ED) 
npn t > 0. 06o3HaHHM n = (ni, njv) - e^niHHHHbiii BeKTop BHeniHefl HopiviajiH k S , 
D~ = S~ x R+, S- E R N , R + = [0, 00) . 

HauaAbHue ycjioeun: npn t = 

u(x, 0) = Uq(x) fljiH x G S~ + S, u, t (x, 0) = uq(x) fljifl x G S~. (9) 

3^ecb paccMOTpHM flBe KpaeBbie 3a^aHH, cooTBeTCTByiomHe ycjiOBHHM ^npnxjie h HefiMaHa. 

rpamtHHUe ycAoeusi: 
(nepBaa K3) 

u(x, t) = us(x,t) fljia x G S, t > 0; (10) 

(BTopaa K3) 

du 

Tli(x)diU(x,t) = — = p(x,t) flJIH X G S, t>0. (11) 

on 

^jih nepBofi KpaeBofl 3a^aHH BbinojiHeHbi ycjiOBHH corjiacoBaHHH rpaHHHHbix h Hanajib- 
hmx ^aHHbix: 

uq(x) = us(x, 0) fljia x G S. (12) 
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Ha bojihobmx cppoHTax, ecjin ohh B03HiiKaiOT, BbinojiHaiOTca ycjiOBna A^aiviapa j4]) . 
3aMeTHM, hto y^apHbie bojihbi Bcer^a B03HiiKaiOT, ecjin He BbinojiHeHO ycjiOBue corjiacoBaHHH 
HanajibHbix h rpaHHHHbix ^aHHbix no CKopocTaM: 



UqIX) 



its(x, 0) fljia x G S, 



(13) 



hto thhhhho fljia (pH3HnecKHx 3a^aH (3,a,ecb h ^ajiee dtu — u ) . B stom cjiynae b HanajibHbiH 
MOM6HT BpeMeHH Ha rpaHHHe S (popMnpyeTca (ppoHT y^apHoii bojihm, kotopmh pacnpocTpa- 
HaeTca co CKopocTbio c b R n . ^Jia nocTpoeHna HenpepbiBHO ^nicpcpepeHipipyeMbix peineHHii 
9to ycjiOBne HBJiaeTca HeoSxoflHMbiM. 3flecb mm ero bbo^htb He 6yn;eM. npe^nojiaraeTca, hto 
HanajibHbie ycjiOBHa 3a^aHbi h H3BecTHO o^ho h3 rpaHHHHbix ycjiOBHii cooTBeTCTBeHHO pac- 
CMaTpHBaeMOH KpaeBofl 3a^,ane. 



N 



N 



BBe^eM (pyHKn,HH £' = 0,5 u? T + ^ w, 



L = 0,5 I 



IT ^ -I] 



Jl e m m a 2.1. Ecjiu u - KAaccuuecKoe pemenue , mo na (fiponmax 

du 



[E] 



F, 



—C 



u 



dn 



[L(x,t)] Ft =c- 2 (V + ^H- 



(14) 



(15) 



,HoKa3aTejibCTBO. B cnjiy paBeHCTBa: [ab] = a + [b] + b [a] , c yneTOM (JTJ) h (|HJ) , 
nojiyHHM : 



cE + ii 



du 
dn 



0, 5 (c 1 u 2 + cu,j u,j) + 



u 



du 
dn 



0,5 



1 dU 

u \ c u H — — — 

dn 



du 

0,5 [cu,jU,j\ + 0,5[u—\ 



0,5c" 1 



u 



du 

u + C TT 
dn 



+ (u + cu,, nj) [u] I + 0, 5w,+ [ cu,j +unj] + 



+0,5 (eu,j +« 7%,) [«,]] = 0,5c 1 [u] (it + cu, 3 - + 
+0, 5 [u,j] (cu,j +u~nj) = 0, 5cu,j [u,j +c~ 1 nju] + 0, 5c~ u~[crijU,j +u] = 

(3^ecb n - HopMajib k cppoHTy b R n ). OTCio^a cjie^yeT (popMyjia f fl~4l) jieMMbi. 



^ajiee, nocKOJibKy [a 



+ a ) [a] , h b cnjiy (JTJ) h ((Tj) , nojiyHHM ([TBI) : 



[L] =0,5 



u. 



N 
3=1 



0, 5 (u + +w, T ) [u, T ] -0,5 (u,t +u ?j ) [ Urf] 



0, 5 (u + +w, T ) [m, t ] +0,5 (u,t +u , ■ ) n,j- [ u, T ] 



0, 5 { (li + +7ljU,J") + (u, T +n j w, j ) } [ u, T ] = c 



-2 



u" + 



du 
dn 



u . 



3aMenanue 1. YcjiOBne (fT4l) jierKO mojkho nojiynnTb, pacciviaTpHBaa cooTBeTCTByioiHee 



ypaBHeHne b D\R N+l ): E, T —(u, T 



u 



id ) 13 



-u, T G + {[E] u T - [u, T u,j] Vj}8 F (x } T) 



—u, T G— \\p\\ n {[E] + [u, T u,j]rij} 8p t (x,t). Cjie^OBaTejibHO, hto6m f |T4l ) BbinojiHajiocb b 
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D'(R N+1 ) , HeoSxo^HMO, hto6m [E] f + [u, T u,j] F rij = [E + c _1, u|^] = , T.e. Bbinojraajiacb 
cpopiviyjia (fl4l) . 

3aMeuaHue 2. Ecjih nepe^ (ppoHTOM bojihm u = 0, to, c yneTOM j6j), nivieeM [L(x, t)] Ft = 
, T.e. b 3tom cjiy^ae (pyHKirna L HenpepbiBHa. 

T e o p e m a 2.1. Ecjiu u(x,t) - KAaccuuecKoe pememie npaeeou 3adanu, mo 

t t 

(E(x,t) - E(x,0))dV(x) = -J dt J G(x,t)u, t dV(x) + ^ ^ {ii s {x,t)p(x,t)) dS(x)dt 

S~ D~ OS 

/^OKa3aTejibCTBO. YMHOJKaa (PQ) Ha u, T b o6jiacTH ,n;H(p(pepeHHHpyeMOCTH, nocjie 
npocTbix npeo6pa30BaHHH nojiynnivi; 

E, T -(u, T u,j),j= -u, T G. (16) 

A Tenepb npoHHTerpnpyeM (fTBI) no _D~ , c yneTOM pa36neHna o6jiacTH HHTerpnpoBaHna 
BOJiHOBbiMH (ppoHTaMH Fk . 3aMeTHM, *ito nepBbie ^Ba cjiaraeMbie moxho paccMaTpnBaTb KaK 
^HBepreHn,Hio cooTBeTCTByiomero BeKTopa b npocTpaHCTBe 

R N + 1 

, KOTopaa b oSjiacTax Mex- 

,zry (ppoHTaMH HenpepbiBHa. IlosTOMy, ncnojib3ya Teopeiviy OcTporpaflCKoro-raycca b R n+1 , 
nojiynnM 

J E, T dV(x)dr — J (u, T u,j),j dV(x)dr + J u, T G(x,r)dV(x)dr = 

D~ D- D~ 

u, T G(x,T)dV(x)dT + J (E(x, r) — E(x, 0))dV(x) — J J (u, T u,j rij) dS(x)dr+ 

D~ S~ OS 
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(dFk(x,r)) - ^H(p(pepeHn,Haji njioma,zrH noBepxHOCTH b cooTBeTCTByiomeH tohkc BOJiHOBoro 
cppoHTa). B cnjiy ([3]) n (fT4l) . [Eu T — u, T u,j Vj\ F = — c _1 IHI^y [cE + = 0. IloaTOMy 
nocjieflHHH HHTerpaji paBeH Hyjno. C yneTOM o6o3HaneHHn ^Jia rpaHHHHbix (pyHKirnn, OTCiofla 
nojiynaeM cpopiviyjiy TeopeMbi. Ee cjieflCTBneivi aBJiaeTca cjie^ryioinaa Teopeivia. 

T e o p e m a 2.2. Ecau KAaccunecKoe pememie nepeou (emopou) npaeeou 3adanu cyuifi- 
cmeyem, mo oho eduHcmeeHHO. 

/JoKa3aTejibCTBO. B cnjiy jiHHeimocTH 3a^aHH, ^ocTaTOHHO ^OKa3aTb e^HHCTBeH- 

HOCTb HyjieBoro penieHna. ^Jia Hero G — , HanajibHbie n cooTBeTCTByiomne rpaHHHHbie 

ycjiOBna HyjieBbie. Tor^a, KaK jierKO Bn^eTb, H3 TeopeMbi 2.1 cjie^yeT: J E(x,t)dV(x) = 0. 

s- 

IlocKOJibKy E - HeoTpnnaTejibHa, cjie^OBaTejibHO E = =>- u = const. H3 Ha^ajibHbix 
ycjiOBHii cjie^yeT u = 0. 

T e o p e m a 2.3. Ecau u(x,t) - KAaccuuecKoe pemenue npaeeou 3adauu, mo 

t 



L(x,t)dV(x)dt = j uG(x,t)dV(x)dt — J j (us(x,t)p(x,t)) dS(x)dt+ 
d- d- os 

+C~ 2 / {uu{x, t) — UqUq{x)) dV{x) 



s- 
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,I[oKa3aTejibCTBO. yMHo:>Kaa jl) Ha k, nocjie npocTbix npeo6pa30BaHnn nojiynnM: 

L(x, t) + (uu,j),j —(uu, T ), T — G. (17) 

npoiiHTerpiipyeM (fTTl) no oSjiacTH D~ c yneTOM pa36neHna ee bojihobmmh (ppoHTaMii Fk . 
AHajiorH^HO, KaK b TeopeMe 2.1, ncnojib3ya TeopeMy OcTporpa^CKoro-Faycca, HMeeM 

LdV(x)dr = J uGdV(x)dr + J ((uu, T ), T —(uu,j),j) dV(x)dr — 

L) D~ D~ 

uG dV(x)dr + c _1 J (uu, t — wo^o) dV(x) — J dr J uu,j7ijdS(x) + 

D~ S~ OS 



+ / \ UU ^V T 



uu,jVj} Fk dF k (x,T). 



B CHjiy ycjiOBHH A^aiviapa ([4]),nocjieflHee cjiaraeMoe paBHO Hyjiio. IIosTOMy, c y^eTOM ycjiOBnii 
Ha rpaHnne (flOl ). ( TTT1) . nojiy^HM (popiviyjiy TeopeMbi. 

3. ^HHaMH^ecKHH aHajior (popiviyjibi TpHHa b D'(R n+1 ). Jljia. nocTpoeHna pe- 
ineHHH K3 nepeiyjeM b npocTpaHCTBO D'(R N+l ) . J^Jia 3Toro BBe,a,eM xapaKTepncTn^ecKyio 
(pyHKUHio oSjiacTH onpe^ejieHHH pemeHna Hp(x,t) = Hg (x)H(t) , r^e H$ (x)- xapaKTe- 
pncTnnecKaa (pyHKHna MHOJKecTBa S~ paBHaa 0,5 Ha ero rpaHnue S , H (t) - (pyHKHna 
XeBHcafl^a, paBHaa 0,5 npn t — . Hp - xapaKTepncTnnecKaa (pyHKHna npocTpaHCTBeHHO- 
BpeivieHHoro unjinHflpa D~ = {S~ x R+} . JlerKO noKa3aTb, hto 

^ = -Vs(x)tf(t), H_J> = -n 3 H s {x)5(t). (18) 

BBe^eM o6o6meHHbie (pyHKHnn u(x,t) = u(x,t)Hp(x,t),G(x,t) = G(x,t)Hg (x) H(t) , 
r^e u(x, t) -KJiaccHnecKoe penieHne K3, h paccMOTpHM flencTBne bojihoboto onepaTopa Ha 
3Ty (pyHKHHio. IlocKOJibKy [u]s = —u, BbinojiHaa o6o6meHHoe ,zn«p(pepeHnHpoBaHHe, no,a,o6- 
ho TOMy, KaK b n.l, h Hcnojib3ya (pp) b oSjiacTH flncpcpepeHnnpyeMOCTn, nojiynnM 

Ocu {x, t) = -—6s (x) H(t)-H (t) {unjSs (x)) ,j - 
-c~ 2 Hg (x) u (ar) 5(t) - c~ 2 H s (x) u (x) 5(t) + G, 

r^e (5 (x, t) Ss(x)H(t) - npocTon cjioh Ha Sokoboh noBepxHOCTH HHJinH,a;pa {S x R + } , S(t) - 
(pyHKinia ^npaKa, |^ = u,i rii - npoH3BOflHaa no Hopiviajin n k S . 3aivieTHM, hto hjiothocth 
npocTbix n ^BOiiHbix cjioeB 3^ecb onpe^ejiaiOTca rpaHHHHbiMH ycjiOBnaiviH, nacTb H3 kotopmx, 

B 3aBHCHMOCTH OT peHiaeMOH K3, H3BeCTHa, H 3a^aHHbIMH Ha^ajIbHblMH yCJIOBHaMH. 

KaK H3BecTHO H3 TeopHH o6o6m;eHHbix (pyHKH^nn [2], pemeHneivi ypaBHeHna (|T9ll aBJiaeTca 
CBepTKa (pyH^aivieHTajibHoro penieHna ypaBHeHna, c npaBon nacTbio ypaBHeHna f|T8l) . B Ka- 
^ecTBe TaKoro B03bMeM (pyHflaMeHTajibHoe penieHne U (x, t) , y^OBjieTBopaiomee ycjiOBnaivi: 

n c U = 5(x)5(t), (20) 
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(ycAoeuM u3AyneHusi) 

U = npH t < h ||x|| > ct. (21) 

Ha30BeM ero (pyHKi^ueu rpuna ypaBHeHHH (pQ) . PemeHiie (fl~8l ) npe^CTaBHMO b BH,a,e cjie/jy- 
loineii CBepTKH: 

u (z, t) = it (x, t) iJ^ (ar) if (t) = -17 (x, t) * — 5 5 (x) H (t) - [U * un^s (x) H (t)J tj - 
-c~ 2 (ll * H s (x) n (xj) , t -c~ 2 U * H s (x) u (x) + G * U, 

\ x / a; 

(22) 

r,n;e chmboji " * "o3HanaeT, hto CBepTKa 6epeTca tojibko no x , nocKOJibKy npn b3hthh CBepTKH 

x 

MOJKHO BOCnOJIb30BaTbCH CBOHCTBOM 5-(pyHKnHH. IIpHHeM peineHHe (1221) ) e^HHCTBeHHO B 

Kjiacce cpyHKinift, ,o,onycKaioiinix CBepTKy c U . 

3anHineM (1221) npn HyjieBbix HanajibHbix ^aHHbix n G = , ncnojib3yfl cbohctbo flH(p(pe- 
peHuiipoBaHiia CBepTOK: 

Ou 

u (x, t) = -U (x, t) * — 5 S (x) H (t) - U,j *unj5 s (ar) i? (t) . (23) 

Oopiviyjia Bbipa>KaeT pemeHne K3 nepe3 rpaHHHHbie 3HaneHHH hckomoh cpyHKnnn n ee 
HopMajibHoii npoH3BO^,HOH h aHajiornnHa (popMyjie TpHHa pjin pemeHnn ypaBHeHHH Jlanjiaca 
[2]. 0,a,HaKO, b cnjiy oco6eHHOCTen cpyH^aMeHTajibHbix penieHHH rnnepSojinnecKnx ypaBHeHHH 
Ha cppoHTe BOJiHbi, BHfl KOTopbix 3aBHCHT ot pa3MepHOCTH npocTpaHCTBa, ee HHTerpajibHoe 
npeflCTaBJieHne ^aeT pacxoflainneca HHTerpajibi (bo btopom cjiaraeMOivi). JJjih nocTpoeHna ee 
peryjiapHoro HHTerpajibHoro npeflCTaBJieHna BBe^eivi (pyHKH,HH - nepBOo6pa3Hbie no t : 

W (x, t) = U (x, t)*5 (x) H(t) = U (x, t)*H (t) t W (x, t) = U (x, t) ; (24) 

, dW(x,t) dW(x,t) 
H x, m, t) = v , m l = v } . 

oxi Om 

SaivieTHM, hto b cnjiy orpaHnneHHOCTH HOCHTejia no t cjieBa, o6e CBepTKH cymecTByiOT. JlerKO 
BHfleTb, hto ohh TaKxce hbjihiotch penieHnaMn (DQ) npn G = H(t)S(x) h G = H(t) 9S q^ 
cooTBeTCTBeHHO. CnpaBe,a,jiHBa cne^yioinafl TeopeMa. 

T e o p e m a 3.1. B D'(Rm+\) peuienue K3 ydoejiemeopHem ypaeueHuto: 

Ou / " \ 

u ( x , t) = -U (x, t) * —5 S (x) H (t) - (W,j ^urijSs (x) H (t)j - (25) 

- \ W,j * uq (x) rij (x) 5 S (x) - c~ 2 U * H s (x) u (x) - c~ 2 \ U * Hg (x) u (xj) , t +G * U^j 
Ilpn HyjieBbix HanajibHbix jj;aHHbix n G = 

Ou 

u (x, t) = -U (x, t) * —5 S (x) H (t) - W,j *unj5 s (x) H (t) (26) 

^OKa3aTejibCTBO. Jlerxo noKa3aTb, nojib3yHCb onpejj,ejieHHeM npoH3BOflHOH 
o6o6m,eHHOH (pyHKn,HH h HenpepbiBHOCTbio u , hto 

(urijSs (x) H (t)) , t = ii(x, t)rij(x)Ss (x) H (t) + u(x, 0)rij(x)8s (x) 8 (t) . 
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Hcnojib3ya sto paBeHCTBO h cbohctbo ^iKpcpepempipoBaHiia CBepTKH, HMeeM 

[U * unj5 s (x) H (t)J ,j = (W, t *urij5s (x) H (t)) }j = W }j * {un^s (x) H (t)) , t = 

= W,j * (urijds (x) H (£)) , t = W,j *u(x, t)nj(x)5 s (x) H (t) + W,j *u(x, 0)nj(x)5 s (x) S (t) . 

IIocKOJibKy W,j *u(x, 0)rij(x)5s (x) 5 (t) = W,j *Uo(x)nj(x)5s (x) , noflCTaBjiaa bth cootho- 

x 

ineHiia b (l22l) . nojiyHHM (popiviyjiy TeopeMbi. 

H3 TeopeMbi cjie^yeT, hto pemeHiie 3a;iaHH nojiHOCTbio onpe^ejiaeTca rpaHHHHbiMH 3Ha- 

H6HHMMH HOpMajIbHOH npOH3BO^HOH (pyHKUHH U (x, t) H ee CKOpOCTH U . Ho aHajIOrHH C 

npe^CTaBjiemieM penieHHii ypaBHeHHa Jlanjiaca, bth (popMyjibi moxho Ha3BaTb ahhcImhib- 
ckhm aHajioroM (popMyjibi TpHHa. 

Oopiviyjia (1251) oGjia/iaeT npenMymecTBOM b cpaBHeHiin c (|22l) . TaK KaK no3BOJiaeT cpa3y 
nepenTH k ee HHTerpajibHofi 3aniicii 6e3 peryjiapH3an;HH nojrbiHTerpajibHbix (pyHKHiift Ha 
cppc-HTax, KaK paHee 6mjio npe^jiojKeHO b [3]. J\rs. 16S cpopiviyjia (|25l) ^aeT, KaK noKaaceivi 
^ajiee, rpaHHHHoe HHTerpajibHoe ypaBHeHHe fljia peniemia HanajibHO-KpaeBOH 3a,a,aHH, earn 

flJia X E S H3BeCTHbI 

u(x,t) = v (x,t) (nepBaa K3); (27) 

jiiiSo 

du 

— =p(x,t) (BTopaa K3). (28) 

Ecjih H3BecTHO o^HO H3 3THX 3HaneHHH, to peniaa THy Ha rpaHHHe, Haxo^HM BTopoe, nocjie 
nero no (popiviyjie ( l25i l mojkho HaHTH u(x,t) . 

4. ^HHaMHHecKHii aHajior (jpopMyjibi Taycca. BBe^eM (pyHKnnn 

U (x, y,t) = U (x -y,t) ,W (x, y,t) =W (x - y,t) ,H (x, y, m,t) = H (x - y, m, t) , 

KOTOpbie, B CHJiy CBOHCTB CHMMeTpHH BOJIHOBOrO OnepaTOpa H 5 -(pyHKITHH, y^OBJieTBOpaiOT 

cjiejryiomiiM cooTHOineHHHM chmmctphh 

dW dW 



U (x, y,t) = U (y, x,t), W (x, y,t) = W (y, x, t) 



dxj dyj (29) 
H (x, y, m, t) = -H (y, x, m, t) = -H (x, y, -m, t) . 

Jl e m m a 4.1. B D'(Rn+i) dunaMUHecKuu anajioz $opMy./iu Faycca UMeem eud: 

- W,i * n t (x) 5 (x) - c- 2 (U * H s (x)) , t = H D (x, t) (30) 

X \ X J 

,HoKa3aTej]bCTBO. CBepHeM o6e nac™ ypaBHeHHa (l20ll ^jih U c Hp(x,t) , 
Hcnojib3ya CBoiicTBa flH(p(pepeHn,HpoBaHHH CBepTOK h ([TBI : 



-U,j * nj (x)5 s (x) Hit) - c- 2 (U, t *Hs (x) 6{t)) = H^(x, t) 



BbinojiHaa CBepTKy no t , c yneTOM ( 124H . nojiyHHM (popiviyjiy jieMMbi. 

Oopiviyjia (l30l HBJiaeTca aHajioroM H3BecTHofi (popMyjibi Taycca ^jih noTeHii;Hajia abohho- 
ro cjioh (c.406, [2]), KOTopaa ^aeT HHTerpajibHoe npe^CTaBJieHne xapaKTepncTHnecKOH cpyHK- 
ii;hh MHOJKecTBa c Hcnojib30BaHneM (pyHflaivieHTajibHoro peineHna ypaBHeHHa Jlanjiaca. Oop- 
Myjiy Taycca nacTO Hcnojib3yiOT ^jih BbiBO^a THY KpaeBbix 3a^an fljia sjuinnTHnecKHx ypaB- 
HeHHH h cncTeM. AHajiorHHHO mo)kho Hcnojib30BaTb ^HHaMHHecKHH aHajior (popMyjibi Taycca 
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fljia BbiBO^a THY rnnepSojinaecKnx ypaBHeHnn. 3,n;ecb ,n;jia nocTpoeHna THY BOcnojib3yeMca 
flimaMHHecKHM aHajioroM (popMyjibi TpHHa. 

HHTerpajibHaa 3aniicb sthx cooTHomeHnn 3aBnciiT ot pa3MepHOCTii 3a,u;aaH. ,Hajiee ^a- 
,Hhm HHTerpajiBHoe npe^CTaBjieHne (popMyji TeopeMbi 3.1. n jieMMbi 4.1 pjin npocTpaHCTB 
pa3MepHOCTn N=l,2,3, Han6ojiee xapaKTepHbix ^jia (pn3nnecKnx 3a,o,an. 

5. rH"y ^jih njiocKHx KpaeBbix 3a^aH. B cjiynae N = 2 hmggm njiocKyio 3a^,any. 
PaccMOTpHM BHaaajie 3a^any c HyjieBbiMH HaaajibHbiMn ycjiOBiiaMii. 06o3HaanM dS(y) - 
flncpcpepeHnnaji fljiHHbi flyrn kxjhboh 5* b TOHKe y , S t (x) = {y G 5*, r = \\y — x\\ < ct} , 
Srfa) = {y G S~,r < ct} , r = \\x - y\\ , dV(y) = dy x dy 2 . 

T e o p e m a 5.1. IJpu N = 2 $yHKV i usi u(x,t) , ydoejiemeopHWUnan nyAeeuM na- 
hcljikhum ycjweuHM (uq = 0, wo = 0) , UMeem cjiedywvuee unmespaAbHoe npedcmaeAenue: 
(nepBaa cpopivia) 



t 



«=^l*r I (^^ Il + ~ru(y, t -r)) „ f <»> „„ (31) 



2tt J J V 9n(y) r dn(y) ' J */7 

S T (x) 

Komopoe, npu nepeMene nopndKa unmespupoeaHUH, UMeem eud: 
(BTopaa cpopivia) 



[c 2 r 2 — r 2 ) 



27T J J 8 l( c 2 T 2_ r 2\ 

Stix) r/c 

t 

c f 1 dr , . , f tu (y.t — r) dr 
2vr J rdn{y) KUJ J ^{c 2 t 2 - r 2 ) 

St (a;) r/c 

/(ab x E S emopou unmespaA cnpaea cumyAHpnuu, 6epemcH e CMUCAe ZAaenozo 3HaneHUH. 

/JoKa3aTejibCTBO. A 113 N = 2 cpyHKnna TpHHa nivieeT cjieflyroinnn bh^ ([2], c. 
206) 

U{x,t) = cH{ ~ ct - R ) R= J x 2 + X l (32) 

V ' 2tt^(c 2 t 2 -r 2 ) V 1 2 v > 

Bbinncjiaa no cpopMyjiaM (1241) . HafifleM W n H 



~ Tl , H{ct-R), ( ct- y/c 2 t 2 - R 2 \ T - T . v ctH(ct-R)x i m i 

W(x,t) = -In , H(x,m,t) = ; v ' - J -^-. 

K J 2vr V R J 2tt Vc 2 t 2 - R 2 R 2 

(33) 

Ecjih 3anncaTb CBepTKH b (l26l) b HHTerpajibHOM Bn^;e c yaeTOM sthx npe^CTaBJieHnii, to 
nojiynnM cooTHonieHna TeopeMbi. 3aMeTHM, hto ^Jia x ^ S HHTerpajibi cnpaBa aBjiaiOTca 
peryjiapHbiMH n noTOMy ^jia Taxnx x cnpaBa n cjieBa CToaT peryjiapHbie (pyHKn,nn. J\ok?oyjs,m 
cnpaBe^JiHBOCTb ( 13T1) n ^,jia x G 5 c yneTOM onpe^ejieHna Hg(x) . 

06o3HaHHM e -OKpecTHOCTb tohkh x (e ct, t > 0) nepe3 III e (x) = : r < e} , 
S-(x) = 5--in e (x),5+(x) = S-+ - ni 6 (x) , O e (x) = {yeS: r<s}, S £ = S - O s , 

in; =s~n ui £ , in+ = s+ n in £ , rj (^{ye^: r = e} , r = \\ y - x\\ , r>i = |- = 
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IlycTb x* G S . TpaHC(J)opMHpyeM KOHTyp S b OKpecTHOCTH tohkh x* , o6xo^;a ee no e- 
nojiyoKpyjKHOCTH b S~ (e << ct, t > 0) . 3annineM ^HHaMnnecKHH aHajior cpopiviyjibi TpHHa 
fljia KOHTypa S £ + T~ b TOHKe x = x* : 

C /" ff(ct-r)dS(y) ^.t-r) ^ 



it J ■ > • J dn(y) Vc 2 r 2 - r 2 

S £ (x*)+r-(x*) r/c 

+ - / g(ct-r)i^dg(y) [™<V> t -' r )* r + 
2tt 7 1 ; r9n(y) w y V^r 2 - r 2 

5 £ (x*) r/c 

+ - / ff(ct-r)l-^-^(y) ]™{y,t-T)dr 
2n J 1 ; r<9n(y) w y Vc 2 r 2 - r 2 

rj(s*) r/c 

Ilpn e — > +0 nepBbin HHTerpaji, b cnjiy cjia6on oco6eHHOCTH y no^biHTerpajibHon cpyHK- 
nnn, CTpeMHTca k HHTerpajiy no S , BTopoii - k HHTerpajiy b CMbicjie rjiaBHoro 3HaneHna, 
KOTopbin TaKJKe cymecTByeT, Tax KaK no^biHTerpajibHan (pyHKnnn HMeeT ocoSeHHOCTb Bn^a 
r _1 n coflep>KHT cpyHKnnio gf^y = ;~ ■ IlocjieflHaa npn y — > x acnivinTOTHnecKH 

SKBHBajIGHTHa = 71j(z) f , KOTOpaa aHTHCHMMeTpnnHa OTHOCHTGJIbHO TOHKH X . 

HHTerpajibHbin coMHOJKHTejib npn r — > He HMeeT oco6eHHOCTH. 

PaccMOTpHM nocjieflHee cjiaraeivioe, KOTopoe o6o3HanHM J £ (x). Ha T~,r = e, > = 

— |^ = —l,dS(y) = ed9 , r,a,e - nojinpHbra yroji c BepninHon b Tonxe x; #i h ^- yr- 
jim kohuob r~ , npoHyMepoBaHHbie no nopa^Ky npn o6xo,a,e KOHTypa 
HanpaBJieHHH. C yneTOM sthx cooraoHieHHH 

6*2 t t 

rii (y,t — r) dr {9 2 — 9\)c f Tu(y,t — r) dr 



t (x) = — / -de 



o2/r- 2 /y"i2 



2ix J e J \/c 2 r 2 — r 2 2n J \/c"t" — 

6\ ejc e/c 

t 

lim (9 2 — 9i) = — 7r, lim J e (x) = —0, 5 / u(y,t — t) dr = — 0, 5m (x, t). 

e^O e^O J 



IlepeHOCfl 3to cjiaraeivioe b jieByio nacTb, c yneTOM onpeflejieHna Hp(x, t) = 0, 5 ,a,jia x G S , 
nojiynnM cnpaBe^JinBOCTb (popiviyjibi n Ha rpaHnne. IIocKOJibKy cjieBa n cnpaBa b ( l3Ti l ctojit 
peryjiapHbie o6o6m;eHHbie (pyHKn,nn, b cnjiy jieMMbi ^K)6ya-PenMOHa ([2], c. 97) paBeHCTBO, 
cnpaBefljiHBoe b KJiacce o6o6ni;eHHbix (pyHKHiiii, cnpaBe^jiHBO h b oSbinHOM CMbicjie. Teopeivia 
flOKa3aHa. 

J\jih onpe^ejieHna Hen3BecTHon rpaHHHHon (pyHKn,HH npn penieHnn KpaeBbix 3a^an co- 
OTHonieHne (I3TT) ^aeT gpamtHHoe unmezpaAhHoe ypaenenue: 

nc^us (x, t) = 

t t 
du(y,t-r) dr f 1 dr , of . f Tu s (y,t-r)dT 



dS(y) -^^-==— + V.P. --z-j^dSiy) 



dn(y) y/c 2 r 2 - r 2 J rdn(y) J y/, 



1 ^i2/jp-2 ty* 2 



St{x) r/c St(x) r/c 
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B cjiyaae nepBoii KpaeBoii 3aaaaH jieBaa aacTb ypaBHeHHH h BTopoii HHTerpaji cnpaBa H3- 
BecTHbi, onpeaejiaiOTca rpaHHHHbiM ycjiOBHeM, a nepBbiii HHTerpaji coaepacHT aapo co caa- 
6ofl ocoSeHHOCTbio, ho He b TOHKe, KaK oSbiHHO jijih sjiJinnTHnecKHx 3aaaa, a Ha cppoHTe 
(pyHKn,HH TpHHa. Peman ero, onpea,ejiaeM HopMajiBHyio npon3Boaiiyio hckomoh (pyHKnnn Ha 
rpaHnne, nocjie aero (popMyaa (IBTT) no3BoaaeT bm^hcjihtb penieHne b jiio6oh tohkc o6jiacTH 
onpeaeaeHnn. B cayaae BTopon KpaeBOH 3aaann HMeeM CHHryjiapHoe THY aan onpeaeae- 
HHa Hen3BecTHbix rpaHHHHbix hckomoh cpyHKHHH u. PeHiaa ero, onpeaeaaeM ee 3HaaeHHa Ha 
rpaHHHe, nocjie aero (5.1) onpeaeaaeT penieHne. 

B cjiyaae HeHyjieBbix HaaajibHbix ycjiOBnii penieHne 3aaaaH aaeT caeayiomaa TeopeMa. 

TeopeMa5.2. IJpu N = 2 ^yuKi^un peuienue K3, UMeem CAedytov^ee unmespaAbHoe 
npedcmaeAenue: 

f , f fdu(y,t-T) 1 dr A dS (y) 



S T (x) 



f u (y)dV(y) „ f u (y)dV(y) , f,f G(y,t - r)dV (y) 



+ dt J c\/cH 2 - r 2 ' J c\/c 2 t 2 - r 2 + c J dr 

S-(x) S"(x) Sr(x) 

ct dr dS (y) 



^ r dn (y) yj 'c 2 t 2 — r 2 

St{x) 

/IoKa3aTejibCTBO caeayeT H3 TeopeMbi 4.1. h 5.2. , ecjin 3anncaTb CBepTKH c 
HaaajibHbiMH aaHHbiMH b HHTerpajibHOM Bnae. 3aecb HHTerpajibi co BToporo ap aeTBepToro 
coBnaaaiOT c cpopMyjiofi IlyaccoHa aaa 3aaaan Kohih. IIocaeaHee apnojiHHTeabHoe cjiaraeivioe 
c HaaajibHbiMH aaHHbiMH oSycjiOBJieHO HajinaneM rpaHHina o6jiacTH. 

HcnojiB3ya cooTHonieHHa (1320 , aiiHaMnaecKHH aHajior (popMyjibi Taycca moxho 3anncaTb 

B HHTerpajibHOM Bnae. 

Jl e m m a 5.1. IIpu N = 2 dunaMuuecKuu anaAoz diopMyAU Faycca UMeem CAedywu^uu 
eud: 

V.P. [ , 1 ° L±) dS <y) + ± [ -^M= = 2«Hs(x)H(t), 

J . J i _ {r/ct ) 2 dn (V) V rj Ky) cdt J y/cH 2 - r 2 sK > U ' 



Sr(x) V V ' ' S~{X) 

sde UHinezpaji e CMUCAe 2Aaeno20 3HaneHUH 6epemcH 3ah spanuHHUX moneK. 

,HoKa3aTejibCTBO. OopMyjiy jieMMbi 4.1 , c yaeTOM (1321) . ( |33l) . mo>kho 3anncaTb 

TaK 

- f -^^=-7^dS(y) + 4- [ -^M= = 2,H- s { X )H{t) (34) 
J VcH 2 -r 2 rdn (y) yy> cdt J V c 2 t 2 - r 2 s\ ) \ ) \ ) 

St(x) St(x) 

IloKaa<;eM, hto 3to paBeHCTBO, cnpaBe^JiHBoe b oSjiacTH peryjiapHOcra , coxpaHaeTca h fljia 
x G S , ecjin CHHryjiapHbiii HHTerpaji cjieBa, KOTopbiii co^,epa<HT cnjibHyio ocoSeHHOCTb no 
r , 6paTb b CMbicjie rjiaBHoro 3HaaeHHH. AHajiornaHO (1341) jo;jih oSjiacTH c bmkojiotoh e - 

OKpeCTHOCTbK) TOHKH X nOJiyHHM 

ctH(ct-r)l dr d f H (ct - r) dV (y) 

; dS (y) + —, I — / o o 2 = °» 



v / c 2 r 2 _ r 2 rdn(y) cdt J \/cV 

Se+r~ Ss(x) 



r 
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ct H (ct — r) 1 dr , . 9 /" H (ct — r) dv (y) 

" s (.2/ J + / / o o ^ = 



Vc 2 t 2 - r 2 rdn(y) cdt J c 2 t 2 - r 

s e +r+ S7(x0+ui e 

Ha rj" ^f^y = 1 , Ha = ~~ 1 > noaTOMy, ecjiH o6a paBeHCTBa cjiokhtb h no^ejiHTb 

Ha 2, c yneTOM cbohctb chmmctphh no^biHTerpajiBHbix (pyHKipiii (1291) . nojiynnM 

ctH(ct-r)l dr d_ f H(ct - r)dV{y) t H(ct - r)dV(y) _ 

S~{x) HLe{x) 

(35) 

nocjie^HHH HHTerpaji BbiancjiaeTca nepexo^OM k nojiapHofi cncTeivie KOop^HHaT. Ilpn e < ct 

2tt e 



v / c 2 r 2 _ r 2 r dn (y) cdt J ^c 2 t 2 - r 2 J yfc'r- - r- 



j ye t — r 7 J y/c z T z — r z 



UI e (z) 

9/ / Ct 

lim — - = 27rclim 1 . I = ,a,JiaVt > 0. 



e- 



+0 <% e^O y y/, 



c 2 t 2 — r A 



nepexo,n,a k npe^ejiy no e — > b paBeHCTBe ( 1351) , ^Jia x G 5 , t > nojiyanM 

' 7 Vc 2 r 2 - r 2 r dn (y) ^ + cdt J Vc 2 r 2 - r 2 ~ 
St(x) 6r-( x ) 

To ecTb, c yaeTOM onpe^ejieHna Hg(x) , (popiviyjia ( 1341) cnpaBe^JiHBa ,a,Jia jiioSmx x . H3 stoh 
(popMyjibi sjieMeHTapHbiMH npeo6pa30BaHHaMH nojiynaeivi (popiviyjiy jieMMbi. 
6. rH"y npocTpaHCTBeHHbix KpaeBtix 3a^an (N = 3). 

T e o p e m a 6.1. JJjim N = 3 pemenue K3 npedcmaeuMO e eude: djia x £ S~ 

/( \ (y f — f /cj <9l d In r I 

1 r U ^ 1 ~ r/c) dMy) r + ^ ^ 1 ~ T,C) dnji)r {v) + 

S t {x) 



S t (x) \r=ct r=ct 

r _1 G(x, t — r/c) ^Jia xGS; 

S-(x) 



2nu (x, t) 



ldu(y,t — r/c) ^u(y,t — r/c) d In r 



S t (a;) 



r 9n (y) 



9n(j/) 



d5 (y) - 



-y.p. 



u ^ t - r ^- d ^) 1 r ds ^ + C "§t 



d In r 

% (2/) ~ , \ dS [y)+ 



+ 



—H 8 (y)dS(y) + m 



St(x) 



up (y) 
c 2 t 



H s (y)dS(y) 



dn(y) 
G(x, t — r/c) 



dV(y) 



r=ct 



r=ct 
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/^0Ka3aTejibCTB0. Ilpn N = 3 U(x,t) - npocroH cjioh Ha noBepxHOCTH KOHyca 
K t = {(x,t) : ||x|| = ct} , KOTopbiH, b OTJiiiHiie ot cpopiviyjibi b ([4] j c. 206), yn;o6HO 3anncaTb 

B BHfle 

5(t- R/c) 



U (x, t) = v ^ R R=^Jx\ + xl + x\ (36) 

JXjir JiioSbix (p(x,t) G D (R4) (6.1) onpe^ejiaeT jiHHeiiHbiH cpyHKHHOHaji BH^a: 

(U,y) = -± f V{X '} X } /c) dV(x) 



Air 



Ho (popMyjiaM (1241) Hafl^eM 



^ = ^'^-^(c-'Ht-m + y^)- (37) 

^jia nocTpoeHna HHTerpajibHbix npe^CTaBJieHHH fliiHaMiinecKiix aHajioroB cpopiviyji TpHHa 
11 Taycca BOcnojib3yeMca cjie^yiomiiMH paBeHCTBaMii, KOTopbie mojkho nojiyniiTb Ha ocHOBe 
onpe^ejieHHfl onepauira cbgptkh o6o6meHHbix cpyHKHiiii: 



a(x)5(t-R/c)*f(x,t)H(t) = H(t) J a (x - y) f (y,t - r/c) dS (y) 

St(x) 



(3(x,t)5 s (x)H(t)*f(x,t)H(t) = H(t) J dr j (5 (y,t - r) f (x - y,r) dS (y) 

S t (*) 



a(x)5(t- R/c)* (3(x,t)5 s (x) H (t) = H (t) j a (x - y) (3 (y,t - r/ c) ds (y), 

St(x) 

d f 

a(x)S(t- R/c)*"/(x)8 s (x) = — / a (x - y) 7 (y) ds (y) 

St(x) 

a(x)6(t-R/c)*Hs(x) = c- 1 H(t) J a (x - y) H s (y) ds (y). 

r=ct 

BbmHCJiHM CBepTKH b fl 2 5 f) c yneTOM 3thx cooTHOineHHH. IlepBoe cjiaraeMoe paBHO 
a / \ du , , . rr , . 5 (t — R/c) du . , . TT , . H (t) f 1 du(y, t — r/c) ,_, . . 

-» M . s fc(,) I (f) = i i; /i. 5;(l (»)H(() = - i U J - |^ M. 



S t (x) 
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BTopoe cjiaraeivioe ( —An W,j *u(x, t)rij(x)8s (x) H (t) ) paBHO cyMMe ^Byx CBepTOK: 



\- ( . R2 S ^~ \\ x \\ /c)*u(x,t)n j (x)5 s (x)H (t) = — — J r u(y,t - r/c)r, j n j (y)dS(y) 

St(x) 

/d 111 T* oc 
^ f ~ r/c) d^y) dS ^ V) ~ % H (0t " * t "> n ^ 5s ^ H (t) = 

St(x) 

t t 

= H{t)jdr J r -^lu(y,t-r)dS(y) = H(t) J -^dS(y) j ' u(y,t - r)dr = 

S t {x) S t (x) " 

dr~ x , „, , f , , dr 



TpeTbe cjiaraeivioe 



m J ^m^ (a) - m J uM a^) dS[v) 

St(x) St(x) 



-Art W,j * u (x) rij (x) 5 S (x) = (c X S (t - R/c) + H ^ ^ ) * u (x) n, (x) 5 S (x) 
x V K J x 

() 1 Uj ~ Cj u (y)n j (y)dS(y)+ [ ^^u (y) n d (y) dS (y) = 



cdt J r 2 3 J r 3 3 

St(x) S t (x) 

d f dlur f <9r 1 

= ^t J d^) Uoiy)dS{y) - J d^) Uo{y)dSiy) 

St(x) S t (x) 

riocjie^HHe Tpn cjiaraeivibie ,n;aiOT H3BecTHyio (popiviyjiy Knpxro(pa jjjia penieHna 3a,n;aHH Ko- 

ihh [ 1,2]. CKJia^biBaa sth CBepTKii, nojiynHM (popiviyjiy TeopeMbi. 

B nacTH, 3aBHCflm,eH ot HanajibHbix iiaHHbix, b (popMyjie TeopeMbi ,a,o6aBjiaeTca cjiarae- 

Moe, oSycjiOBjieHHoe HajinnneM rpaHHHbi S . Oho Hcne3aeT npn t > t*(x), t*(x) = max ^ x ~ v ^ 

yes c 

T.K. St (x) = S H HHTerpajI He 3aBHCHT OT t. 

B (popMyjie ( TT8l) iijia x S, t > Bee HHTerpajibi cymecTByioT. ,I[oKa3aTejibCTBO ee 
npn x G S no/roSHO n.5. Ilpn stom cnjibHyio ocoSeHHOCTb HMeeT BTopoe cjiaraeivioe cnpaBa. 
IlocKOJibKy b btom cjiyaae Ha F~ 



Hm J u {y,t- T -^-^~dS (j/)=limr e ^ J u(y,t--^dS (y) = -2-ku 



T 



X,t) 



hcho, mto jijih x G S (6.1) coxpaHaeT bhjj;, ecjin cooTBeTCTByroiHiifi CHHryjiapHbifi HHTerpaji 
noHHMaTb b CMbicjie rjiaBHoro 3HaneHHa h ynecTb 3HaneHHe Hg (x) Ha rpaHHii,e S . 

TJjia x G S (popMyjia flaeT CHHryjiapHbie THY ^jia penieHHa BTopoii KpaeBofi 3a^,anH. J\jih 
nepBofi KpaeBofi sajjann 3Ta me cpopiviyjia jj;aeT FliY, ho yace He CHHryjiapHoe. 3th ypaBHeHHH 
TaK>Ke He He aBJiaiOTca cppejj;rojibMOBCKHMH. PenieHne Bonpoca hx pa3peniHMOCTH, KaK h b 
njiocKOM cjiynae, npejjjiaraio 3aHHTepecoBaHHOMy HHTaTejiio. 

Hcnojib3ya cooTHOineHHa (3.4)-(3.6) ^HHaMHHecKHii aHajior (popMyjibi Taycca TaKJKe mojk- 
ho 3anncaTb b HHTerpajibHOM BH^,e. CcpopMyjiHpyeM pe3yjibTaT. 
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Jl e m m a 6.1. IJpu N=3 dunaMuuecKuu ancuios diopMyjiu Faycca UMeem CAedywv^uu eud 

St (as) [r=ct S t (x) 

IIpu t > t* (x) omcwda caedyem u3eecmHasi (fiopMyjia Faycca [ 2]: 

dr~ l 



I dn (y) 

s 



dS (y) = AttH~ (x) . (38) 



^0Ka3aTejibCTB0 3toh cpopMyjibi aHajiorriHHO ^OKa3aTejibCTBy jieMMbi 5.1. 
3aMeTHM, o^,HaKO, hto npH N = 2 113 cpopMyji JieMMbi 5.1 He cne^yeT ^ByxMepHbiii aHajior 
cpopiviyjibi Taycca. 

7. PeineHne KpaeBbix 3a,a;aH flJiH ypaBHeHna ^ajiaivi6epa (N=l). 

TeopeMa7.1. Pemenue Kpaeeux 3adau Bjih N = 1 UMeem cjiedywmfie UHmezpa/ibHoe 
npedcmaejienue 

t t 
2u = c ^ H (ct — \x — 0,2 1) J u, x (02, t) dr — H (ct — \x — ai\) J u, x (a%, r) dr ^ + 

\x—ai\jc \x— ai\/c 

\x — aA 



+ sgn (x — ai) H (ct — \x — ai|) u ( ax, t — 



c 



— sgn (x — a 2 ) H (ct — \x — a 2 |) u ^a 2 , t —J + 

^ j „ w - , - + „ „ + *> „ 5 - (, + d) + 1 (, - d) , s - (, - d) . 

ai 

(39) 

/JoKa3aTejibCTBO. 06o3HaHHM Xi = x . B 3tom cjiyaae ([2], c.206) 

U (x, t) = -°-E (ct - \x\) , f>, t = (t - |x| /c) (40) 

iy ( x , t) = --H (ct - |x|) (ct - |ar|) , (x, t) = (ct - |x|) sgn x, (41) 

r^e 

sgn x = { 0, x = (42) 




B o^HOMepHOM cjiyaae ^Jia nocTpoeHiia HHTerpajibHoro aHajiora (popiviyjibi TpHHa Heno- 
cpe^CTBeHHO BOcnojib30BaTbca cpopMyjioft (1251) H~ejib3a, TaK KaK He onpe^ejieHbi HeKOTopbie 
H3 Bxo^amiix B Hee cpyHKii;HH. Mojkho nojiyHHTb aHajiornaHyio cpopiviyjiy, floonpe^ejiaa u 
HyjieM BHe 3a^aHHOH o6jiacTH h npoBO^a ^HCpcpepeHinipoBaHiie b Kjiacce o6o6m;eHHbix (pyHK- 
u,hh. riocTynHM HHane, hto6m BOcnojib30BaTbca (popMyjiOH (1221) . 
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PacmiipiiM o6jiacTb onpe^ejieHna u (x, t) jsp nojiocbi b R 2 x R + : {ai ^ X\ ^ a 2 , 
— oo < X2 < oo,t > 0} . Tor^a rpaHnna S 6ya;eT cocroaTb H3 flByx npaMbix X\ = a±, X\ = 

d 2 , BHeiHHIie HOpMajIH KOTOpblX HMdOT KOOpflHHaTbl (-1,0) II (1,0) COOTBeTCTBeHHO, |^ = 

AJia x e S], H s (x) = H(xi- ai)H(a 2 - xi) , n^g (x) = = -5 (x 1 - ai) + 
5 (sci - a 2 ) . 

Ha ocHOBe MeTO^a cnycKa no x<i cpopMyjia ( |25i ) (TeopeMa 3.1) npeo6pa3yeTcn k Bn^y: 

du dW 2 
u = U 2 * tz-H (t) (5 (x — a 2 ) — 5 (x — ai)) H — - — * it (x, t) if (t) (5 (x — a 2 ) — 5 (x — ai)) + 
ax ax 

, A 9u rr/wr/ s r/ cW 2 . . Wr/Wr/ , P/ 

u = U 2 * —H (t) (b (x - a 2 ) — b (x - a{\) + — — * u (x, t) H (t) (b (x - a 2 ) - b (x — a{\) + 
ox ox 

a' 2 (U 2 , t * u (x) Hg (z)) + c~ 2 U 2 * G (43) 

3^ecb y>Ke Bee cbgptkh SepyTca b R 1 x R + jih6o b R 1 c (pyHKipieii TpHHa n ee nepBoo6- 
pa3HOH npH N = 2 . CBepTbmaa no x 2 , nojiynHM 

t\ / x ou (a 2 , t) rr , , - . . 9m (ai, t) TT , s 

u = U (x - a 2 , t) * \r^H (t) -U(x-a u t)* )r^H (t) + 

t ox t ox 

W, x (x - a 2 , t)*u (a 2 , t) H (t) - W, x (x — a x , t) *u (ai, t) H (t) + W, x (x - a 2 , t) u (a 2 ) - 
W, x (x -ai,t) u (ai) - c~ 2 [U * u (x) Hg (x)) - c~ 2 U, t * u (x) Ho (x) + U * G (44) 

V X / X 

rioflCTaBHM (I40l - (l42ll b (1441) h BbinojiHHM HHTerpnpoBaHne, b pe3yjibTaTe nojiy^HM f|39l) . 

OopMyjia Bbipa>KaeT u (x, t) BHyTpn oSjiacTH nepe3 HanajibHbie n rpaHHHHbie 3HaneHnn 
caMon (pyHKn,HH n ee nepBbix npon3BO^,Hbix. Jlerxo noKa3aTb, hto OHa aBjiaeTca cnpaBe^Jin- 
boh n fljia x — ai, x = G-2 (c yneTOM onpe^ejieHHa (14T1) ). /Jjisi SToro flOCTaTOHHO (popiviyjiy 
(|39l) 3anncaTb ^Jia HHTepBajia (a[, a 2 ) = (a x + e, a 2 ) ((ai, a 2 — e) ). Ilojiaraa x = ai , flejiaeM 
npeflejibHbifl nepexo^ no e-> +0 : 



= lim c < if (ct — d) J u,x(a 2 ,r) dr — H (ct — e) J u, x (ai,r)dr 

a 2 

+H (ct — d)u (a 2 , t — d/c) + + sgn (— e) i7 (ct) m (ai, t) + cT 1 ^ u (y) H(ct — |ai — y|)djH- 

+«o (ai + ct) Hg (ai + ct) + u (a% — ct) Hg (ai — ct) = 

f * * 1 

= c < if (t — d/c) J u, x (a 2 ,r) dr — J u, x (a\,r) dr\ + H (t — d/c)u ^a 2 ,t ^ + 

I l^-°2l I 

(12 

—H (t) u (ai, t) + c _1 y -ito (y) H(t — |ai — y| / c)dy + -u (ai + ct) -f^^ (ai + ct) + 



+m (ai — ct) //o (ai — ct) 



17 



(d — |ai — 02I). IlepeHOca cjiaraeivioe —H(t)u(a\,t) b jieByio aaerb, c yaeTOM 3HaneHHH 
xapaKTepncTHHecKoii (pyHKnnn Ha rpaHime, nojiyniiM (popiviyjiy TeopeMbi ,h;jih jieBon rpaHH- 
hm. AHajiornHHbie paccy>KfleHHa npoBO^aTca fljia x = a 2 . B pe3yjibTaTe Ha Komiax OTpe3Ka 
(01,02) HMeeM cjie,nyioinHe cooTHOineHna ^jia onpe^ejieHna HeH3BecTHbix: 

t t 
u(ai, t) = cH (ct — d) J u jX (a 2 , r) dr — cH(t) j u iX (a l5 r) dr + H (ct — d)u ^a 2 , t ^ + 

d/c 

02 

+c _1 J u (y) H(ct — |ai — y\)dy + uq (ai + ct) H (d — ct) H (t) ,n;jia x = ai; 



ai 



u(a 2 t) = cH (t) j u, x (a 2 , r) rfr — ciJ (ct — d) j u, x (a±, r)dr + H (ct — d)u ^ai,t ^ + 



d/c 

0,2 



+c 1 J uq (y) H(ct — \a 2 — y\)dy + uq (a 2 — ct) H (d — ct) H (ct) fljia x = a 2 . 



a 1 



Ilpn 3a^aHHbix u, x (afe, t) , k = 1, 2 , nojiynnivi ,a,Ba (pyHKnnoHajibHbix ypaBHeHHa c 3ana3- 
^biBaiomHM apryMeHTOM ,a,jia onpe^ejieHna u Ha rpaHnne oSjiacTH, KOTopbie moxho peinaTb 
noinaroBO no BpeMeHH, HannHaa c t=0: Ilpn H3BecTHbix u (a±, t) , u (a 2 , t) - sto y}Ke CHCTeMa 
HHTerpajibHbix ypaBHemin, r^e HCKOMbie (pyHKHnn (k=l, 2) ctoht no^ 3HaKOM HHTerpajia. 
Mojkho paccMOTpeTb CMeniaHHyio 3aflany, Kor^a Ha oflHOM KOHne H3BecTHa (pyHKnna, a Ha 
flpyroM ee npoH3BO^Haa. H b stom cjiynae 3Ta cncTeivia ypaBHeHHH aBJiaeTca paspeHiaiomeH. 

3aKjnoHeHne. IIojryneHHbie peineHHa K3 paHee Smjih onySjinKOBaHbi 6e3 ,a,OKa3aTejibCTB 
b [3,4] b BH^e KpaTKHx coo6m,eHHH (TaM ecTb onncKn b 3HaKax cjiaraeMbix) . O^HaKO aBTopy 
npeflCTaBJiaeTca Heo6xo,u;HMbiM H3Jio>KeHHe caivioro ivieTO^a o6o6meHHbix (pyHKniin (MOO) 
Ha npniviepe K3 fljia BOJiHOBoro ypaBHeHHa. Hcnojib3ya ero mojkho nocTpoHTb aHajiornn- 
Hbie (popiviyjibi h rpaHHHHbie HHTerpajibHbie ypaBHeHHa fljia penieHHa K3 b npocTpaHCTBax 
SojiBHien pa3MepHOCTH ( N > 3). OcoSeHHO scpcpeKTHBeH 3tot MeTOfl b KpaeBbix 3a,a,anax 

flJia CHCTeM ypaBHeHHH C naCTHblMH npOH3BO,Z],HbIMH C nOCTOaHHblMH K03(p(pHH,HeHTaMH, KO- 

r^a y^aeTca nocTpoHTb MaTpnny TpHHa CHCTeMbi. Ilpn stom HecymecTBeHeH Tnn ypaBHeHHH, 
oh MOJKeT 6biTb h sjuiHnTHHecKHM, KaK, HanpHMep b [5], napaSojinnecKHM hjih CMeniaHHoro 
THna [6,7] . 

Ho ocoSeHHO scpcpeKTHBeH MOO ,a,Jia penieHna rnnepSojinnecKHx ypaBHeHHH, r^e Hcnojib- 
30BaHne annapaTa KjiaccnnecKoro ^,H(p(pepeHH,HpoBaHHa BecbMa 3aTpy^,HHTejibHO, a HHor^a 
h npocTO HeB03MO>KHO (cm., HanpHMep, [8,9]). Hccjie^OBaHne pa3peninMOCTn nocTpoemibix 
THY, KOTopbie fljia 3a^aH c rpaHHHHbiMH ycjiOBHHMH THna HeiiMaHa, HBJiaiOTca CHHryjiap- 
hmmh, npe^CTaBJiaeT caiviocTOHTejibHyio 3a^any cpyHKn;HOHajibHoro aHajiH3a, nocKOJibKy no- 
CTpoeHHbie ypaBHeHHa He OTHOcaTca k xoponio H3yneHHbiM KjiaccnnecKHM. O^HaKO 3aMeTHM, 
hto ncnojiB30BaHne BbinncjinTejiBHbix MeTO^OB Ha ocHOBe MeTO^OB rpaHnnHoro 3JieMeHTa c 
nepexo^OM k flncKpeTHbiM aHajioraM THY, no3BOJiaeT ^ocTaTonHO scpcpeKTHBHO ctpohtb pe- 
nieHHa nofloSHbix THY [6,10]. 
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